The Becker-Coppens treatment of extinction is applied to the polarized neutron technique. Analytical expressions for the extinction correction are derived for plate-like crystals. The formalism is applied to data collected on yttrium iron garnet. Measurements were performed on crystals of various thicknesses using wavelengths in the range 0.5-1.1 /~. The correction is shown to be quite adequate even for severe extinction, with a preference for Lorentzian shape of 6, the mean diffracting power, though some systematic deviations are present. The method is shown to be very sensitive to a given model for extinction, mainly because of the independence from any scale factor. It is demonstrated that the flipping ratio R can be out of the range [Rkl .... tie, Rdynamic] and that such a situation implies the simultaneous presence of primary and secondary extinction and one can have R=Ray .... ic for a crystal far from dynamical behaviour. Application of a recent dynamical test proposed by Kato [Acta Cryst. (1976), A32, 453--466] concerning the validity of the physical assumption of the model shows that in neutron refinement for most reflexions the situation is encouraging. Estimation of mosaic spread by y-ray diffraction leads to a fair agreement with the refined values.
Introduction
There are two approaches to the theory of diffraction in crystals. The dynamical theory is the more general one but can only be applied to crystals that are perfect or show only small distortions. The kinematical theory is the limit of the preceding one in the case of small coherent domains or short wavelengths: it is widely used in structural crystallography.
For most crystals the situation is intermediate between these two extreme cases and extinction model~ are necessary to obtain the Fourier components of the electronic density. Until now, extinction models have been described starting from the kinematical theory and using the energy transfer equations of Darwin (1922) : this 'mosaic model' has been further developed by Hamilton (1957) , Zachariasen (1945 Zachariasen ( , 1967 , and by Becker & Coppens (1974 -hereafter referred as to BC) . Recently Kato (1976) has proposed a first approach to the problem, starting from the Takagi-Taupin equations of dynamical theory, and describing the distortion in terms of an ensemble average. This treatment justifies the use of energy transfer equations under specific conditions. The purpose of this paper is to show that polarized neutron experiments, which do not depend on any scale factor, are very dependent on extinction and * Permanent address: Centre de M6canique Ondulatoire du CNRS, 23 rue du Maroc, 75019 Paris, France. t Present address: Institut ftir Kristallographie der Universitat, D 6000 Frankfurt/Main, Senckenberg Anlage 30, Germany (BRD).
provide original tests for extinction models. Moon, Koehler, Cable & Child (1972 - hereafter referred as to MKCC) have formulated the problem and proposed a first-order solution applicable only when the extinction is small. In the first part, some analytical derivations of secondary extinction corrections are discussed, using BC formalism (the same notation will be used). In the second part, the main principles governing polarized neutron diffraction are briefly reviewed, with a special discussion of extinction problems. The method is then applied to the case of yttrium iron garnet (YIG). This experiment shows the technique of polarized neutrons to be very powerful for testing extinction models and for deciding whether the crystal behaves dynamically or kinematically (following Kato's criterion).
I. Analytical expressions for secondary extinction
The extinction correction y is defined as the reduction of the integrated intensity P from the kinematical value Pk:
P=PkY .
This coefficient consists of a factor yp(xp) for primary extinction in the coherent domains and a factor ys(ypxs) for secondary extinction between these domains. The expression used for y is y= yp(xp)ys (yt, xs) .
BC gave an approximation to the expression for y~ when absorption is negligible, with ys= ~ ___(-1)" T(---SQ_ 1 6,+l( 
where a(ex) is the diffracting power of an average coherent domain and W(el) the angular distribution of those domains. Zachariasen (1967) has pointed out that if the widths of O'(el) and W(eO are of the same order of magnitude, secondary extinction depends on two parameters, the mean angular misorientation (g) and the size of the mean coherent domain (t). In equations (3), /'1 and T~ are the respective path lengths along the incident and diffracted directions and the integral in (3b) is taken over the crystal volume v. It can be shown (Appendix A) that (3) represents the exact solution of the energy transfer equations [BC equation (10)] when the crystal is in a pure Laue case.
The order of magnitude of primary extinction is described by BC with an expression similar to (3).
Equations (3) have been numerically solved by BC for the case of spherical and ellipsoidal crystals, for various shapes of W(eO. In neutron diffraction, the choice of a plate-like crystal is often preferable to get enough diffracted intensity and reasonable extinction. We shall concentrate here on such cases.
In Appendix B, a method of calculation of the quantity T (") is described for geometries varying between pure Laue and pure Bragg. In the Laue case it is shown that
\ cos ~x (cos ~2)C/ In this expression, a is the thickness of the plate, b the width of the entrance face, ~ and ~2 the angles between the normal to the plate and the incident and diffracted beams. C= 1 in equatorial conditions and can be approximated to cos/z2 when the angle Pz between the diffracted beam and the equatorial plane is small. In other cases, the approximation is less simple and it is always possible to use the approximation of a large plate (b/a large) so that (5) reduces to T(,).,, 2" n+l-[-2r(i)]"
where T (1), the actual value for a finite crystal, can be obtained exactly. Expressions for the extinction correction y are also derived in Appendix B for both a Lorentzian and a Gaussian distribution e(el) and it is shown that in some cases the series expansion reduces to a closed form.
II. Extinction in polarized neutron diffraction
Neutrons are two-spin-state particles and polarized neutron beams are composed of neutrons in only one spin state. Collecting the intensities P + and P-for up and down spin states yields the 'flipping ratio',
which does not depend on any scale factor. The following experimental conditions are assumed to be realized: (a) no half-wavelength contamination, (b) perfectly polarized incident beam, (c) the magnetic moments are all aligned with the neutron spins. We shall call 09 the angle between the direction of magnetization and the diffusion vector and define qZ=sin2 o9.
II. 1. Kinematical case
Using an ideally imperfect crystal (or a powder) and choosing (q2= 1), the value of the flipping ratio is given by FN+FM] z . where/tj is the algebraic value of the magnetic moment, in Bohr magnetons, of the site j and fj(H) is the normalized magnetic form factor of this site, ~' N is the moment of a neutron in nuclear magnetons.
II. 2. Dynamical case
Under the same experimental conditions but using a perfect thick crystal = [ FN + FM ) = R~z.
(9)
R= RD \ ff~u~ F M
The dynamical flipping ratio Ro can be derived from the kinematical value, which can be determined experimentally by applying the polarized neutron technique to fine magnetically aligned powders.
II. 3. Practical case qf a real crystal MKCC give in their equation (A1) generalized energy transfer equations for polarized neutron diffraction, which can be written with BC notation
c3x2 Equations (10) do not take into account absorption and depolarization" these effects would, for example, add a term (-ltelo + +Itelo-/Z.Io +) to the first equation and so on for the others, if/Zd and/z, are respectively the coefficients of depolarization and absorption. Io ~ and I + refer to incident and diffracted intensities, + and -to the spin state of the neutrons. ff~S(et) is the diffracting power for an incident neutron in spin state i diffracted in spin statej. 9+(e~) and ~-(el) are defined as
and represent the total diffracting power for incident neutrons in a given spin state. The diffracting powers rr~S(e~), which are defined as in BC treatment, differ from one another by [F~JI2"
Z(~) is a Lorentzian or Gaussian function of e~. The spin flip diffracting power a + -(el) is generally very small since levi is small and qZ is often equal to 1.
With the assumption that ~+-=0, the system (10) reduces to equations equivalent to the system BC equation (10) for the appropriate polarization state and can be solved as discussed in § I. When necessary one may estimate the perturbing effect of ~+-by a first and second-order correction, as discussed by MKCC. If for a given reflexion, this correction is of significant value, one should be cautious in the interpretation of this reflexion, unless a better solution of the system (10) can be found.
With these assumptions, the actual value of the flipping ratio can be written y+
where y~: obey equations (2) and refer to G ± (equation 11). In the following we have omitted the +_ signs.
The secondary extinction coefficient Ys (3) is given by
3 n! for a Lorentzian distribution, and by
for a Gaussian distribution, with :g)'
The small coherent domains are assumed to be isotropically distributed and the primary extinction yv can be estimated [BC equation (37)] as
The dynamical theory of diffraction may, in some simple cases, provide an answer to the problem of primary extinction. Unfortunately, the shape of the coherent domains changes drastically within the crystal and a statistical expression for yv is completely unknown. Therefore, it is not obvious whether, provided yp is not too small (yv > 0.7), its description by a formula like (18) is unreasonable; and the present treatment of small primary extinction has the advantage of internal consistency.
III. Study of extinction on yttrium iron garnet OrlG)
The flipping ratio R has been measured for about 250 reflexions of YIG (Bonnet, Delapalme, Tchdou & Fuess, 1974) . The reflexions suffering highly from extinction were measured on different plate-shaped crystals: YIG-1 (5×2-7×1 mm), YIG-2 (4×2.7×0.3 mm), YIG-3 (4 × 1-7 × 0.8 ram), YIG-4 (4 × 2.7 x 1 ram). The dimension~ are along the directions [111], [1]0], [112] , respectively. All structural information has been discussed by Bonnet, Delapalme, Fuess & Thomas (1975) . Measurements were performed with the goniometer DN2 at Melusine (CENG) and the D5 facility of the high flux reactor at ILL, both in Grenoble (this last instrument is installed at a hot source and allows measurements at wavelength down to 0-5 A). Several reflexions were observed on the different samples, at various wavelengths. YIG-4 was studied more extensively, then reduced in thickness to 0.3 mm and the measurements were repeated. Moreover, powder measurements were done with both polarized and unpolarized neutrons on a sample in which the magnetic moments were aligned with the magnetic field. For equatorial reflexions, these measurements yield the kinematical flipping ratio RK [equation (8)], from which the dynamical RD is derived.
III. 1. Methods of refinement
In a first refinement, we have minimized for each sample the quantity Y~-
with respect to t, g and Rr: from RK, since the crystal is centrosymmetric and Fu is known (Bonnet et al., 1975) one can derive FM and therefore calculate y+ and y-. In the summation (20), all the independent measurements relative to a given sample are included (e.g., in the case of YIG-4, 51 observations were used, corresponding to 12 reflexions), wi was chosen as
Wi where e, is defined as
In (21) a~ comes from counting statistics, and k~ is adjusted so that the standard deviation of the observation of unit weight S is closest to 1.
S-I~
no --no Y t no and no are respectively the number of observations and the number of adjusted parameters. The weighted agreement index is defined as
The refinements were done for Lorentzian and Gaussian distributions and the results for YIG-4 are shown on Table 1 . For the same sample q9 was calculated as a function of t and r/ and was plotted in Fig. 1 . It is clear that the refinement converges towards a unique minimum and in a region far away from the one where primary extinction is predominant.
In a second procedure the refinements were carried out on the magnetic structure factor, like in a conventional X-ray refinement. The advantage of this proce-dure is the possibility of refining directly on the magnetic form factor. In the same refinement, we have simultaneously introduced all the Robs corresponding to YIG-1 and YIG-4 (before and after reduction of the thickness) for the various wavelengths (in the range 0.5-1.1 /k). The nuclear positions and Debye-Waller factors were kept constant and different adjustable extinction parameters t and g were introduced for YIG-1 and YIG-4. Since the extinction factor y+/ydiffers from 1 by a term proportional to (FNFM) to a first approximation, the variance ~r 2 for each observation was taken as
The results are shown in Table 2 and, compared with those of Table 1 , show a close agreement for t and g within their standard deviation.
It may be pointed out that an X-ray refinement from a sphere of YIG (Bonnet et al., 1975) yielded extinction parameters t=7/tm, g=5 x 104, which are of the same order of magnitude as those of Table 1 .
III. 2. Discussion of the results
The best fit is obtained for the hypothesis of a Lorentzian diffracting power a(el). (a) Let us consider the reflexion 642. In Fig. 2(a (2) so that x l/y,,
It is well known that in the upper limit of primary extinction yp varies as 1/F. Therefore P will vary as F", m being in the range [½, 2] and for polarized neutrons, R(~ R~) will be in the range [R~,RgZ]. In conclusion, if the crystal behaves dynamically R =Ro but the converse may not be true. The values of m for the three reflexions of Table 3 agree with this discussion, and it should be noticed that these reflexions are listed in terms of decreasing extinction. This discussion should without doubt give confidence in the behaviour of y proposed by BC [equation (2)]. ~. If RK is known from a powder measurement, it is possible to draw the straight line (27) as a function of [el (e>0 ify+/y-<l, e<0 ify+/y->l). This was done in Fig. 3(a) and (b) for the two reflexions 220 and 6~-'2: in this figure, the measured values of R, for the four samples, different wavelengths and thickness have been plotted as a function of lel calculated from the refined values of t and g and assuming a Lorentzian distribution (t and g depend on the sample to which is referred). The qualit), of the model used for extinction can be appreciated by the departure of the points from the 'theoretical' line (27) . In this practical case, the fact that the points corresponding to different samples and different wavelengths are homogeneously aligned show the type of correction to be quite general.
(c) In Fig. 4 , the values of R as function of lel are plotted for the reflexion 220 (crystal YIG-4) assuming either a Lorentzian or a Gaussian distribution. It appears that for large values of lel, the Lorentzian correction slightly undercorrects, while the Gaussian correction strongly overcorrects for extinction. The same effect was observed for many reflexions. The method of polarized neutrons seems therefore to be sensitive to the type of statistical distribution used to describe the defects of the sample. (d) The same conclusion can be drawn from Table 4 in which the magnetic structure factors of the 64-2 reflexion, corrected for extinction, are reported. The extinction factors are given in order to show the relative influence of primary and secondary extinction.
(e) In order to check for the significance of the refined parameter g, the mosaic spread r/ (r/= 1/21/ng ) has been estimated by the gamma-ray diffraction technique (Schneider, 1974) on the crystal YIG-1. We have chosen the reflexion 64-2 for which mosaic spread is the dominant factor governing its extinction. The width of the measured rocking curve is about 17" but the resolution of the apparatus is 10", Therefore it is necessary to deconvolute from the instrumental width and, depending on the assumed shape of the rocking curve, one obtains r/ob~ ~ [3", 6"].
The calculated value of r/ (from Table 2 ) is found to be 6" for a Gaussian o and 3" for a Lorentzian o. Repeated measurements changing the setting angles and for a few other reflexions lead to the same values and do not reveal any significant anisotropy of the mosaic distribution. Therefore the refined value of g is of some physical significance.
(f) Finally we want to test the validity of the model of energy transfer equations in terms of the condition introduced by Kato (1976) . He introduces a correlation length re which can be shown to vary between a coherence length (which can be compared to t) and a misorientation length (to be compared to g2/sin 20). The condition can be expressed as:
V is the unit-cell volume and the smallest value of A in this case is ~ 25/t. For YIG-4 the refined extinction parameters are t ~ 15/t, t* =g2/sin 20~ 5/sin 20. For the smallest Bragg angle t*~22/t. In such a situation the condition (28) is not exactly fulfilled. The situation improves when sin 20 increases since, at the same time, the influence of 'particle size effect' decreases. Therefore, though for some small-angle reflexions the basic assumptions of the 'incoherent' description of extinction are not well satisfied, the model seems to give satisfactory correction and its domain of validity (as shown also by most of the cases discussed in the literature) may be less strict than (28) . It should be noticed that in most of the neutron diffraction experiments, the situation should be less dramatic.
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APPENDIX A On the accuracy of the solution (3) of Becket &
Coppens (1974) The section of a general, convex-shaped crystal in a plane parallel to the incident direction (unit vector u0 °) and the diffracted direction (unit vector u °) is represented on Fig. 5 . The entrance surface is A1BaA2 and the exit surface is BaA2B2. There is an overlap region BIA2. Becker & Coppens (1974) (3) is exact if 0 = 0, and that the solution is valid to the third order in x for 20= n. This discussion shows that the approximation comes from the mixture of Laue and Bragg geometry. Many crystals, particularly in neutron diffraction, have simple shapes, e.g. parallelepipeds and plates. Such a situation is represented in Fig. 7 , for a parallelepiped. There are two situations for which no overlap occurs between the entrance and exit surface; the incident and diffracted directions must lie in opposite quadrants.
Many reflexions satisfy the condition of a pure Laue case, for which the solution (3) is exact. When the number of limiting planes of the crystal increases, the probability of having a pure Laue case decreases and the limit is a continuous surface, as shown in Fig. 5 . The problem of Laue-Bragg cases will be further discussed (Becket, 1976) .
APPENDIX B Analytical expressions for y in Laue geometry
We shall restrict ourselves to the case of plate-like crystals in Laue geometries. The more general case will be discussed later (Becker, 1976) .
(1) Let us start with an infinite plate ( Fig. 8) and an equatorial reflexion. Let ~,~ = cos 0q, ~12-~-cos (~2. For the two situations shown in Fig. 8(a) and (b) , the values of T (") and of the extinction correction will be the same. 
This relation is similar to (6). If the beams do not lie in the equatorial plan, (B1) should remain the same, provided T C~) is changed to , (2, , ) .=o 3 (n+ 1)t 1 = i,=o ~ ( -ypxs)"("z") (n + 1)i"
We define z as z = ypX s and use the identity ~o
(2)" nil exp (-U)Io(u) = ~ (-1)"
(2") . 
In the case of a Gaussian shape for 6(el), no closed form can easily be found and the series expansion (15) should be employed. ;/ wr a x Fig. 9 . Case of a finite rectangular plate.
(2) We consider now the Laue case for a finite plate, which is assumed to be rectangular. We assume an equatorial reflexion first (Fig. 9) .
The crystal is divided in three parts: For a Gaussian shape of (7, the series expansion should be used but if 6 is Lorentzian, y~ can be obtained in a closed form. The first term in (B3) will lead to an expression similar to (B2) and form the identity n 1 2 -(n+ 1) (n+2) n+l (n+ 1) (n+2) ' the contribution of the second term can be also reduced. If we define In the case of a non-equatorial reflexion, if the height of the crystal is large, the same result should be obtained, replacing 71 by 71 cos/~1 and 72 by 72 cos lz2.
